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Abstract. We present a mechanism for producing oscillations along the
lift of the Teichmüller geodesic flow to the (real) Hodge bundle, as the
basepoint surface is deformed by a unipotent element of SL2(R). We apply
our methods to all connected components of strata which exhibit a varying
phenomenon for the sum of non-negative Lyapunov exponents. In genus 4,
by work of Chen-Möller, 8 connected components of strata exhibit varying
Lyapunov exponents, and so we apply our methods to those connected
components that are shown to be varying by their work.

1. Introduction

Let π : H → X be the absolute (real) Hodge bundle over an SL2(R) orbit
closure X, whose 2g-dimensional fiber over each point in X is H1(S,R). Let
ν be an ergodic SL2(R)-invariant probability measure on X. For g ∈ SL2(R),
the Kontsevich-Zorich cocycle g∗ is the lift of the action of g to H, obtained
by parallel transport with respect to the Gauss-Manin connection. Moreover,
g∗ acts symplectically since it preserves the intersection form on H1(S,R).

Let ht be the Teichmüller horocycle flow and let Tht := (ht)∗ be its lift to the
projectivized Hodge bundle P(H). Suppose that one is interested in studying
the probability measures on P(H) that are invariant under Tht. Motivated
by the work of Bainbridge-Smillie-Weiss [BSW16], Forni posed the following
question:

Question 1.1 (G. Forni). Let µ̂ be a Tht-invariant probability measure sup-
ported on the projectivized bundle P(H). Is it true that the push-forward
measure µ under the projection map π to the moduli space must be supported
on an orbit closure with completely degenerate Kontsevich-Zorich exponents?

In the symplectic orthogonal of the tautological subbundle, it is known that
orbit closures with completely degenerate Kontsevich-Zorich exponents exist
in the strata H(1, 1, 1, 1) and Heven(2, 2, 2) [For06, FM08, FMZ11], and are
referred to in the literature as Eierlegende Wollmilchsau and Ornithorynque.
That these are the only orbit closures with completely degenerate Kontsevich-
Zorich exponents follows from the works [Möl11, EKZ14, Aul16, AN20].
It is also known that the cocycle acts by isometries in these two orbit closures,
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and so by a Krylov-Bogoliubov construction, one can construct Tht-invariant
probability measures that are non-trivial (that is, not supported on the zero-
section). One can then ask whether these are the only possible examples that
arise. In all other situations, we expect that oscillations of the norm of the
cohomology classes along large circles, when they exist, prevent the existence
of non-trivial Tht-invariant probability measures in general.

In this paper, we give partial evidence (in the affirmative) towards Forni’s
question, and present a mechanism for producing oscillations along the lift of
the Teichmüller geodesic flow to the (real) Hodge bundle, as the basepoint
surface is rotated.

More precisely, fix a norm ‖ · ‖π(·) on H. Define σ : SL2(R)×H→ R by

σ(g,v) =
‖g∗v‖gπ(v)
‖v‖π(v)

Let V be a ν-strongly irreducible SL2(R)-invariant subbundle in the sym-
plectic orthogonal of the tautological subbundle, which is defined and is con-
tinuous on X [Fil16].

For each ω ∈ X with full orbit closure, and vω 6= 0 in Vω, and for a.e.
rθ ∈ SO2(R), it is a consequence of a theorem of Chaika-Eskin [CE15] that

lim
t→∞

1

t
log σ(gtrθ,vω) = λ

where λ = λ(ν) is the top Lyapunov exponent of the restriction of the Kontsevich-
Zorich cocycle to V. See [ASAE+17] for a refinement of this result to a
positive Hausdorff codimension set of angles.

We say that an orbit closure X has a varying Lyapunov phenomenon
if there exists an affine invariant submanifold of X that supports an ergodic
SL2(R)-invariant measure ν ′ and such that λ(ν ′) 6= λ(ν). For such an X, we
show that the cocycle cannot be normalized by a function that is independent
of θ, for a full measure set of angles.

More precisely, letting hs =

(
1 s
0 1

)
, h̄s =

(
1 0
s 1

)
, gt =

(
et 0
0 e−t

)
and

rθ =

(
cos(θ) − sin(θ)
sin(θ) cos(θ)

)
, we show

Theorem 1.2. For any ω in X so that SL2(R) · ω = X with λ = λ(ν) > 0,
and such that X has a varying Lyapunov phenomenon, and for any function
f(t), the set{

rθ ∈ SO2(R) : lim
t→∞

σ(gtrθ,vω)

f(t)
converges to a non-zero number

}
has zero measure with respect to the Haar measure on SO2(R).
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We show that Theorem 1.2 follows from its horocyclic counterpart

Theorem 1.3. Under the hypothesis in Theorem 1.2, the set{
s ∈ [−1, 1] : lim

t→∞

σ(gths,vω)

f(t)
converges to a non-zero number

}
has zero measure with respect to the Lebesgue measure on [−1, 1].

1.1. Sketch of the Proof. The idea of the proof is to construct two regimes,
one in which the Kontsevich-Zorich cocycle grows as expected, and another
where the behavior is atypical.

The expected behavior is an input that comes from the work of Chaika-
Eskin [CE15], where it is shown that one can construct a large open set in
which the cocycle grows as expected in finite time (i.e. exponentially with rate
λ up to some additive error), and whose set of bad futures is small.

The atypical behavior is extracted from carefully defined tubular neighbor-
hoods of a submanifold of X whose (second) largest Lyapunov exponent is
varying. To conclude the argument, we first use quantitive recurrence results
from Eskin-Mirzakhani-Mohammadi [EMM15] to control returns to the typ-
ical and atypical neighborhoods, then apply a Lebesgue density argument to
deduce that the limit cannot exist for a full measure set of directions.

1.2. Applications. For ω ∈ X, let vω in Hω be any isotropic subspace of
dimension g − 1 in the symplectic orthogonal of the tautological subspace,
span{[Re ω], [Im ω]}, of the Hodge bundle H. For each ω ∈ X with full orbit
closure, and for a.e. rθ ∈ SO2(R), it is also a consequence of the same theorem
of Chaika-Eskin [CE15] referred to above that

lim
t→∞

1

t
log σ(gt,vω) =

g∑
i=2

λi

where, together with λ1 = 1, λi are the top g Lyapunov exponents of the
Kontsevich-Zorich cocycle. The top g exponents determine the entire Lya-
punov spectrum by symplecticity. The work of Chen-Möller [CM13] demon-
strates, in part, the following result:

Theorem 1.4. [CM13, Theorem 1.2] There are eight connected components
of strata in genus 4 where the sum of Lyapunov exponents is varying.

Thus the conclusions of Theorem 1.2 and 1.3 hold for any surface with full
orbit closure in eight connected components of strata in genus 4.

1.3. Related results. In [DFV17], Dolgopyat-Fayad-Vinogradov prove a
central limit theorem for the time integral of sufficiently regular zero-average
observables of the pushforward of a small horocyclic arc by the geodesic flow,
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as the basepoint varies generically with respect to an ergodic P -invariant mea-
sure, where P is the upper triangular subgroup of SL2(R) (their results are
in fact much more general, cf. [DFV17, Theorem 7.1], but we present their
theorem in the SL2(R) setting for simplicity). While their results are not
immediately applicable to the Kontsevich-Zorich cocycle, it shows that The-
orem 1.3, which is, in our specialized setting, a qualitative analogue of their
results, can likely be strengthened quantitatively, if one allows the surface to
vary generically in an orbit closure (so this would be a tradeoff, since our
result is true for any fixed basepoint, thanks to the work of Eskin-Mirzakhani-
Mohammadi). That a central limit theorem holds for the Kontsevich-Zorich
cocycle as a basepoint varies generically is the subject of [AS21], and the
approach in that paper uses completely different tools (the Brownian motion).

Recently, and after the completion of this paper, the oscillation mechanism
presented here has been greatly developed and refined by Chaika, Khalil, and
Smillie in their work on limit measures of Teichmüller horocyclic arcs (cf.
[CKS21, Theorem 4.1]).
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2. Preliminaries

2.1. Translation surfaces. Let S be a Riemann surface of genus g ≥ 2, and
ω a holomorphic 1-form on S. The pair (S, ω) is said to be a translation
surface, since ω gives a (degenerate) flat metric on S, and ω is invariant under
translations when it is written in local coordinates. The zero set Σ of ω
characterizes the singularity set of the conical metric. The area of a translation
surface is given by

∫
S
ω ∧ ω. We refer to the pair (S, ω) as just ω.

2.2. Moduli Space. Let T Hg be the Teichmüller space of unit-area transla-
tion surfaces of genus g ≥ 2, and let Hg = T Hg/Modg be the corresponding
moduli space, where Modg is the mapping class group. The space Hg is parti-
tioned into strata H(κ) = H(κ1, . . . , κn), which consist of unit-area translation
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surfaces whose singularities have cone angle 2πκi, and
∑
κi = 2g − 2. One

can also define local period coordinates in a stratum, where all changes of
coordinates are given by affine maps.

2.3. SL2(R) action. There is a natural action of SL2(R) on translation sur-
faces and on their moduli. It is shown in [EM18, EMM15] that for any
ω ∈ H(κ), the closure X of SL2(R) · ω is an affine invariant submanifold, and
supports an ergodic SL2(R)-invariant probability measure ν.

2.4. Hodge inner product. Given two holomorphic 1-forms ω1, ω2 in Ω(S),
where Ω(S) is the vector space of holomorphic 1-forms on S, the Hodge inner
product is defined to be

〈ω1, ω2〉 :=
i

2

∫
S

ω1 ∧ ω2

Moreover, the Hodge representation theorem implies that for any given coho-
mology class c ∈ H1(S,R), there is a unique holomorphic 1-form h(c) ∈ Ω(S),
such that c = [Re h(c)]. We define the Hodge inner product for two real
cohomology classes c1, c2 ∈ H1(S,R) as

(c1, c2)ω := 〈h(c1), h(c2)〉ω
For c in the symplectic orthogonal of [ω], it also follows from the work of

Forni [For02] (see also [FMZ12, Corollary 2.1] and [FM14, Corollary 30])
that ∣∣∣∣ ddt log ‖c‖gtω

∣∣∣∣ < 1 (2.4.1)

2.5. Expected behavior. For each of the ambient manifold X and a sub-
manifold X ′, we will need to construct open sets where the cocycle grows as
expected up to some additive error, and whose set of bad futures is small. This
is implemented in [CE15] for random walks, and is adapted to the determin-
istic case in [ASAE+17, Corollary 7.6]. The main point is that random walks
track geodesics up to an error that is sublinear in hyperbolic distance, and
the rest of the adaptation follows by standard arguments and [CE15, Lemma
2.11].

To that end, let ε > 0 and L ∈ N. Let Egood(ε, L) be the subset of X such
that for any ω ∈ Egood(ε, L) and any vω ∈ Vω, there is a subset H(vω) of
[−1, 1] so that

µ(H(vω)) ≥ 2− ε
and such that for all s ∈ H(vω)

λ− ε < log σ(gLhs,vω)

L
< λ+ ε (2.5.1)
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Corollary 2.1. [CE15, Lemma 2.11] For any ε > 0 and δ > 0, there exists
L0 > 0 such that for all L > L0, we have that ν(Egood(ε, L)) > 1− δ.

Similarly, for the rθ action on a submanifold X ′ of X that supports some
measure ν ′ with λ′ = λ(ν ′), set ε′ > 0 and L ∈ N. Let E ′good(ε

′, L) be the
subset of X ′ such that for any ω ∈ E ′good(ε′, L) and any vω ∈ Vω, there is a
subset H ′(vω) of [−1, 1] so that

µ(H ′(vω)) ≥ 2− ε

and such that for all θ ∈ H ′(vω)

λ′ − ε′ < log σ(gLrθ,vω)

L
< λ′ + ε′ (2.5.2)

Corollary 2.2. [CE15, Lemma 2.11] For any ε′ > 0 and δ′ > 0, there exists
L0 > 0 such that for all L > L0, we have that ν ′(E ′good(ε

′, L)) > 1− δ′.

We refer to [ASAE+17, Lemma 7.5, Corollary 7.6] for the adapted proofs.

2.6. Exceptional behavior. Since X is assumed to have varying Lyapunov
phenomenon, there exists an affine invariant submanifold X ′ of X that sup-
ports an ergodic SL2(R)-invariant measure ν ′, and such that λ(ν ′) 6= λ(ν). Set
λ′ = λ(ν ′). In this section, we show that in a neighborhood of the manifold X ′,
the exceptional behavior is also present in some open subset of the ambient
orbit closure X up to some prescribed time L.

For β > 0, let Xβ be the β-thick part of X, which is the subset of X such
that for all ω ∈ X, saddle connections have ω-length at least β. For the
pseudo-metric dTeich on X, define the dynamical metric

dnTeich(x, y) := sup
i∈[0,n]

dTeich(gnx, gny).

Let E ′good(ε
′, L) ⊂ X ′ be as in Corollary 2.2. By the tubular neighborhood

theorem, for any L > 0, there exists a β > 0 such that

NL,ε′(X
′) =

{
ω ∈ Xβ : dLTeich(ω,E

′
good(ε

′, L)) <
1

L

}
is a non-empty open set that is contained in some thick part Xβ of X.

For any ω ∈ NL,ε′(X
′), it follows by construction that there exists ω′ ∈ X ′

such that dTeich(ω, ω
′) < 1/L and dTeich(gtω, gtω

′) < 1/L for any t ≤ L. Let
θ1 ∈ H ′(vω′) be an admissible direction as in Corollary 2.2. For all vω in the
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symplectic orthogonal of [ω], we have by 2.4.1 and the cocycle property that

log σ(gt,vω) ≤ dTeich(ω, ω
′) + log σ(rθ1 ,vω′) + log σ(gt, rθ1vω′)

log σ(rθ2 , gtrθ1vω′) + dTeich(gtω, gtω
′)

= dTeich(ω, ω
′) + log σ(gt, rθ1vω′) + dTeich(gtω, gtω

′)

In particular, we have

log σ(gt,vω) ≤ dTeich(ω, ω
′) + log σ(gt, rθ1vω′) + dTeich(gtω, gtω

′)

<
1

L
+ (λ′ + ε′)t+

1

L
< 2 + (λ′ + ε′)t

Similarly, we also have

log σ(gt,vω) ≥ −dTeich(ω, ω′) + log σ(gt, rθ1vω′)− dTeich(gtω, gtω′)

> − 1

L
+ (λ′ − ε′)t− 1

L
> −2 + (λ′ − ε′)t

for all t ≤ L. This gives in particular that

−2 + (λ′ − ε′)t ≤ log σ(gt,vω) ≤ 2 + (λ′ + ε′)t (2.6.1)

for all t ≤ L and ω ∈ NL,ε′(X
′).

2.7. Quantitative recurrence. Recall that X = SL2(R)ω. The major in-
gredient in our work is

Theorem 2.3. [EMM15, Theorem 2.10] For f ∈ Cc(X), any ε > 0, and any
interval I ⊂ R, there exists T0 > 0 such that for all T > T0, we have∣∣∣∣ 1

T

∫ T

0

1

|I|

∫
I

f(gthsω)dsdt−
∫
X

fdν

∣∣∣∣ < ε

The following proposition then follows from Theorem 2.3, whose analogue
for the rθ action appears in the work of Chaika-Lindsey [CL17, Proposition
8].

Proposition 2.4. [CL17] Let U1, U2 be any open sets in X, and let Z be any
interval. For any ε > 0, there exists arbitrarily large times T > 0 such that
for each i ∈ {1, 2},

|{s ∈ Z : gThsω ∈ Ui}| ≥ |Z|(ν(Ui)− ε)
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3. Proofs of Theorems 1.2 and 1.3

3.1. Theorem 1.3 for horocyclic arcs. Recall we want to show that the
set

E =

{
s ∈ [−1, 1] : lim

t→∞

σ(gths,vω)

f(t)
converges to a non-zero number

}
has zero measure with respect to the Lebesgue measure on [−1, 1].

We argue by contradiction. Assume that the set E has positive measure.
Restrict E to a smaller set (which we continue to call E) where we have uniform
convergence to the limit Cs (by Egorov). More precisely, by uniformity, we
have that for any η > 0, there exists tη such that∣∣∣∣σ(gths,vω)

f(t)
− Cs

∣∣∣∣ < η

for all s ∈ E for all t > tη. This implies that for s1, s2 ∈ E,

Cs1 − η
Cs2 + η

<
σ(gths1 ,vω)

σ(gths2 ,vω)
<
η + Cs1
Cs2 − η

Observe that Cs can be made continuous by applying Luzin’s theorem and
further restricting E to a smaller set (which we continue to call E), so that
Cs is bounded over s ∈ [−1, 1]. Therefore, we have that the limits Cs are
bounded from above and below by C and c, respectively. This gives us that
for all s1, s2 ∈ E(η), and all t > tη.

c− η
C + η

<
Cs1 − η
Cs2 + η

<
σ(gths1 ,vω)

σ(gths2 ,vω)
<
η + Cs1
Cs2 − η

≤ η + C

c− η
(3.1.1)

Pick 0 < η < c, and let

K = K(η) :=
η + C

c− η
(3.1.2)

so that 3.1.1 reduces to

1

K
<
σ(gths1 ,vω)

σ(gths2 ,vω)
< K (3.1.3)

The contradiction is reached if we can show that there are arbitrary large times
such that

σ(gths1 ,vω)

σ(gths2 ,vω)
> K or

σ(gths1 ,vω)

σ(gths2 ,vω)
<

1

K

for pairs (s1, s2) ∈ E × E.
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Since we assume E has positive measure, there is an interval Z = Z(γ) of
some Lebesgue density point in E, so that

|E ∩ Z|
|Z|

> 1− γ (3.1.4)

for any 1 > γ > 0. This is an important reduction, as it gives us access to
Corollary 2.4, which requires an interval.

Note that although all pairs coming from E×E satisfy 3.1.3 for the sake of
contradiction, this need not be the case for all pairs in Z × Z. So we need to
estimate an exceptional set of pairs, which is Z × (Z − E) ∪ (Z − E)× Z. It
is immediate from 3.1.4 that

|Z − E| ≤ γ|Z| (3.1.5)

From 3.1.5, it follows that

|Z × (Z − E) ∪ (Z − E)× Z| ≤ 2γ|Z|2 (3.1.6)

Pick ε and ε′ such that ε + ε′ < |λ − λ′|, and let δ = δ′ = 1
2
. Then by an

application of Corollary 2.1 on X (resp., Corollary 2.2 on X ′), there exists
L0(ε, δ) (resp., L′0(ε

′, δ′)) such that the conclusion of the corollary is satisfied
with ν(Egood(ε, L)) > 1/2 (resp., ν(E ′good(ε

′, L)) > 1/2). Pick

L > max

{
L0, L

′
0,

2 + 2 logK

λ− λ′ − ε− ε′
,

2 + 2 logK

λ′ − λ− ε− ε′

}
.

To simplify notation, set

U1 = Egood(ε, L)

U2 = NL,ε′(E
′
good(ε

′, L)).

Let

A1 = {s ∈ Z : gthsω ∈ U1} (3.1.7)

A2 = {s ∈ Z : gthsω ∈ U2} (3.1.8)

To show that there are pairs coming from A1 × A2 that intersect E × E, it
suffices to show by 3.1.6 that γ can be chosen so that

|A1 × A2| > 2γ|Z|2 (3.1.9)

Now, to ensure that 3.1.9 is satisfied, we want to show

|A1| >
√

2γ|Z|+ ε|A1| =⇒ |A1| >
√

2γ
|Z|

1− ε
|A2| >

√
2γ|Z|

and we note that |A1| needs to exceed ε|A1| since that is the proportion of bad
futures in Corollary 2.1 applied on Egood(ε, L) ⊂ X.
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Choose γ > 0 such that

ν(U1)

2
>

√
2γ

1− ε′
(3.1.10)

ν(U2)

2
>
√

2γ (3.1.11)

Let m = min{ν(U1), ν(U2)}. By Proposition 2.4 (with ε = m/2), for each
i = {1, 2}, there exists arbitrarily large T > tη such that

|Ai|
|Z|

=
1

|Z|
|{s ∈ Z : gThsω ∈ Ui}| > ν(Ui)−

1

2
m ≥ 1

2
ν(Ui) (3.1.12)

Define

τ = inf{tη ≤ r ≤ T : grhsiω ∈ Ui for i = {1, 2}
and for some (s1, s2) ∈ (A1 × A2) ∩ (E × E)}

Suppose λ > λ′. If 3.1.3 is not violated at τ , then we have

σ(gτ+Lhs1 ,vω)

σ(gτ+Lhs2 ,vω)
≥ exp((λ− ε)L)σ(gτhs1 ,vω)

exp(2 + (λ′ + ε′)L)σ(gτhs2 ,vω)
≥ exp((λ− ε)L)

exp(2 + (λ′ + ε′)L)

1

K

where we have applied the RHS of 2.6.1 in the first inequality. Observe then
for the chosen L, we have that

exp((λ− ε)L)

exp(2 + (λ′ + ε′)L)

1

K
> K

so that the RHS of 3.1.3 is violated, which is our contradiction since (s1, s2)
belongs to E × E.

Now suppose instead that λ < λ′. If 3.1.3 is not violated at τ , then we have

σ(gτ+Lhs1 ,vω)

σ(gτ+Lhs2 ,vω)
≤ exp((λ+ ε)L)σ(gτhs1 ,vω)

exp(−2 + (λ′ − ε′)L)σ(gτhs2 ,vω)
≤ exp((λ+ ε)L)

exp(−2 + (λ′ − ε′)L)
K

where we have applied the LHS of 2.6.1 in the first inequality. Observe then
for the chosen L, we have

exp((λ+ ε)L)

exp(−2 + (λ′ − ε′)L)
K <

1

K

so that the LHS of 3.1.3 is violated, which is our contradiction since (s1, s2)
belongs to E × E. �
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3.2. Theorem 1.2 for circle arcs. It is straightforward to see how Theorem
1.2 can be deduced from Theorem 1.3. Indeed, for any θ 6= ±π/2, we have

rθ = h̄tan θglog cos θh− tan θ.

Since gth̄tan θ = h̄e−2t tan θgt, we also have

gtrθ = h̄e−2t tan θgt+log cos θh− tan θ.

So that s belongs to the set in Theorem 1.3 iff θ belongs to the set in Theorem
1.2. �
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